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Abstract A methodology for determining the optimum
pin fin profile is introduced to minimize the fin volume for
a constrained heat transfer rate under dehumidifying sur-
face conditions. In this methodology, the mass transfer is
evaluated using the polynomial variation of humidity ratio
with temperature. A scheme is developed for solving the
optimum conditions derived as a function of unknown
temperature-dependent parameter and tip temperature
under both the fully and partially wet surface conditions.
The effect of psychrometric properties of the surrounding
air on the optimum wet fin profile has been examined. The
analysis presented in this study is pertinent to the dry, fully
wet, and partially wet surface conditions. In every case
study of optimum wet fins, the excess temperature at the tip
vanishes with respect to the surrounding temperature. A
non-linear temperature distribution in the optimum wet fin
has been identified.
List of symbols
aj parameter defined in Eqs. 3 and 4
A, B, C, D constants; see Eq. 2
bj parameters defined in Eqs. 24 and 26
Bi Biot number, hyb/k
CP, a constant pressure specific heat for dry air,
J kg-1 C-1
h convective heat transfer coefficient,
W m-2 C-1
hfg latent heat of condensation of moisture,
J kg-1
hm mass transfer coefficient, kg m
-2 s-1
k thermal conductivity of the fin material,
W m-1 C-1
L fin length, m
Le Lewis number
pa ambient pressure, bar
q actual heat transfer rate, w
Q dimensionless actual heat transfer rate;
see Eq. 11
T local fin surface temperature, C
Ta ambient temperature, C
Tb base temperature, C
Td dew-point temperature, C
T0 tip temperature, C
U dimensionless fin volume; see Eqs. 15a, 15b
and 32
V fin volume, m3
x coordinate shown in Fig. 1, m
X dimensionless coordinate, x/L
xd length of the dry region for a partially wet fin
measured from the fin tip, m
Xd dimensionless length of the dry region, xd/L
y local radius of pin fins, m
Y dimensionless radius, y/yb
Y* dimensionless local fin thickness, y/L
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Greek letters
l parameter; see Eqs. 7 and 22a, 22b
/ relative humidity of surrounding air
U(h) function; see Eqs. 18 and 35
h dimensionless local fin surface temperature,
(Ta - T)/(Ta - Tb)
h0 dimensionless tip temperature, (Ta - T0)/(Ta - Tb)
hd dimensionless dew-point temperature,
(Ta - Td)/(Ta - Tb)
x specific humidity of the saturated air, kg of water
vapor per kg of dry air
xa specific humidity of surrounding air, kg of water
vapor per kg of dry air
n dehumidification parameter, hfg/(Cp,aLe
2/3), C
w dimensionless base thickness, yb/L




In refrigeration, air conditioning, and aerospace applica-
tions, fins are employed to enhance the heat transfer rate
between the fin surfaces and the surrounding air that is
being cooled. In the aforementioned applications, the fin
surface temperature is always lower than the ambient
temperature, and the fin surface may be dry, fully wet, or
partially wet, depending upon the base temperature, tip
temperature, and dew-point temperature of the surrounding
air. The temperature at the fin base can be specified
according to the application of the design. The dew-point
temperature of the surrounding air is solely a function of
the psychrometric properties of the air. The fin tip tem-
perature depends primarily upon the thermo-geometric
parameters included in the design process. When the rel-
ative humidity is very low, a dry surface can be maintained.
However, wet surfaces (partially or fully) are commonly
found for the practical range of relative humidities of the
surrounding air.
In many practical applications, heat transfer through
extended surfaces occurs under two-phase flow conditions.
For example, when humid air encounters the surface of a
cooling coil whose temperature is lower than the dew-point
temperature, condensation of moisture will take place.
Extensive research [1–9] has already been undertaken to
analyze the effect of condensation on the performance of
rectangular geometric longitudinal fins. It is important to
note that in each of these studies, a suitable fin geometry
(rectangular, trapezoidal, triangular, etc.) was selected
prior to the analysis. However, for a combined heat and
mass transfer environment, the mathematical formulation
for analyzing the overall performance of a wet fin becomes
complex. Utilizing a modified dry fin formula, Threlkeld
[2] and McQuiston [3] separately calculated the one-
dimensional fin efficiency of a rectangular longitudinal fin
under fully wet surface conditions. Kilic and Onat [4]
employed a quasi-linear one-dimensional model to deter-
mine the performance of vertical rectangular wet fins.
Coney et al. [5] numerically investigated the performance
of vertical rectangular fins subject to condensation of
moisture in humid air. An analytical approach to estimating
the efficiency of longitudinal straight fins under dry, fully
wet, and partially wet surface conditions was intricately
devised by Wu and Bong [6]. Kundu [7] used a decom-
position method to carry out a thermal analysis of straight
fins under fully wet and partially wet conditions, assuming
the humidity ratio of saturated air to be a polynomial
function of the fin temperature. Lin et al. [8] experimentally
investigated the performance of a rectangular fin in both dry
and wet conditions. The thermal analysis and optimization
of longitudinal and pin fins of uniform thickness subject to
fully wet, partially wet and fully dry surface conditions were
carried out analytically by Kundu [9].
It is fact that the heat conduction rate in a fin increases
toward the fin base under dehumidifying conditions.
Increasing heat conduction in the direction of flow requires
an incremented cross-section for better utilization of fin
material. Much research has been devoted to the study of
wet fins, particularly fins with a variety of tapered profiles,
including step reduction in local cross section [10, 11],
trapezoidal [12, 13], triangular [14, 15], and convex para-
bolic [16]. It can be demonstrated (all other conditions being
equal) that these complex-profile fins are lighter in weight
than flat fins. Nevertheless, they are not the ‘‘lightest’’ fins.
In many industrial applications, such as those pertaining
to aerospace, air conditioning, electronic components,
automobile radiators, and heat exchangers in vessels, the
weight or the available space is a major design consider-
ation. However, the attachment of fins to the primary sur-
face always increases the weight of the system. Therefore,
Fig. 1 Schematic of an optimum pin fin under partially wet
conditions
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in fin design problems, especially in the above applications,
it is extremely important to carry out an optimization study
to determine the minimum fin volume. There are two
approaches available for the optimization analysis of a fin.
In the first approach, the shape of the fin is determined that
either maximizes the heat transfer rate for a given fin
volume or minimizes the fin volume for a given heat
transfer rate. In the second approach, the optimum
dimensions of a fin with a given profile (rectangular, tri-
angular, etc.) are determined from the optimality criteria.
The profile obtained from the first approach is superior in
terms of the heat transfer rate per unit volume, and thus the
resulting fin shape may be suitable for applications where
space and weight constraints are given priority.
Thorough analyses for determining the optimum fin
shapes in convective, convective–radiative, volumetric
heat generation, and variable convective heat transfer
coefficient environments have been carried out by a num-
ber of researchers [17–21]. However, under dehumidifying
conditions on the fin surface, heat transfer is accompanied
by mass transfer, which makes the governing equation for
the fins complicated to solve. In order to conduct an ana-
lytical analysis, most researchers have adopted a linear
relationship between the humidity ratio and the fin surface
temperature to calculate the heat transfer through wet fins.
The overall performance for fins of a given shape has also
been determined. Kundu [22] developed a model for the
optimum shape of three common fin geometries under
dehumidifying conditions, assuming a linear model. With
this assumption, the nature of the governing equation for
wet fins does not vary from that of the equation under dry
conditions. Hence, the published solution for wet fins is
similar to the solution for convective fins. Actually, the
saturated air covering the fin surface results from the
dehumidification of air. The difference between the
humidity ratio of the incoming air being cooled and the air
covering the fin surface is the driving force for the mass
transfer, which is mainly responsible for making the energy
equation nonlinear (if the actual motive force is taken into
account). No analysis based on these actual conditions has
hitherto been undertaken to determine the optimum profile
fins. However, it is important to note that a more precise
optimum profile may be extremely important in mobile
systems, especially in aircraft applications, where addi-
tional weight is always a critical issue. Up to now,
researchers have given little attention to analytical proce-
dures for determining the minimum weight of a pin–fin
geometry under wet conditions.
The present work focuses on determining an optimum
shape for pin fins subject to combined heat and mass
transfer. Since the humidity ratio of saturated air is a
function of temperature alone, it can be represented by a
third-degree polynomial using regression analysis. Based
on this fact, the governing equation for wet pin fins is
derived. The temperature distribution functions for both
fully and partially wet fins are assumed to follow a power
law. In this research, the optimization is carried out for a
constant heat transfer duty. The objective function (fin
volume) is formulated in terms of a known design constant.
The principle of minimizing the fin volume is adopted to
establish an optimality criterion. Finally, the optimum fin
profile and temperature distribution for an optimum profile
fin are determined.
2 Analysis
Simultaneous heat and mass transfer takes place on a fin
surface when the surface temperature is lower than the
dew-point temperature of the surrounding air, and moisture
in the air is condensed. During this process, the incoming
air adjacent to the fin surface is saturated according to the
fin surface temperature. The fin surface is always possible
to find different surface conditions: fully wet, partially wet,
and dry [9]. Analyses of dry surface fins can be found in the
literature. In the present study, separate analyses of fully
and partially wet fins are carried out in the following
subsections. However, the analysis of dry surface fins can
be obtained from the analysis of the fully wet fin by setting
only the latent heat of condensation value equal to zero.
2.1 Fully wet
Under steady-state conditions, the governing equation for
pin fins subject to combined heat and mass transfer can be




















It may not be possible to solve Eq. 1 analytically unless
the relationship between T and x is known. However, since
the fin surface is covered with saturated air, the relationship
between T and x follows the saturation curve in the
psychrometric chart. This curve can be represented as a
function of the humidity ratio and the fin surface
temperature. Using the best-fit method, the humidity ratio
for the saturation curve can be expressed as a cubic
polynomial [7]:
x ¼ A þ BT þ CT2 þ DT3 ð2Þ
where the constants A, B, C, and D are 3.7444 9 10-3,
0.3078 9 10-3, 0.0046 9 10-3, and 0.0004 9 10-3,
respectively.
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Combining Eqs. 1 and 2, the governing equation can be
written in dimensionless form by using the Chilton–Col-












j1 ¼ 0 ð3Þ
where
and





w ðTa  TÞ=ðTa  TbÞ
 	
ð5Þ





¼ 0 at X ¼ 0 ð6aÞ
h ¼ 1 at X ¼ 1 ð6bÞ
It is now assumed that the fin profile can be correlated
with the local fin temperature via a function of the form
Y ¼ hl for l[ 0 ð7Þ
Multiplying Eq. 3 by Y2(dh/dX) and then integrating
















where h0 is the dimensionless tip temperature.
Combining Eqs. 7 and 8, the temperature distribution in


















The fin parameter Z0 can be determined by using














The actual heat transfer rate q can be derived from
Fourier’s law of heat conduction applied at the fin base:
Q ¼ qh






Combining Eqs. 8 and 11, the following expression for













With a constrained heat transfer rate, the ratio of the















































From the above equation, it can be inferred that the fin
volume is a function of w, Z0, h0, and l. The thermo-
geometric parameters Z0 and w are also functions of h0 and
l, given by Eqs. 10 and 14, respectively. Therefore, the
dimensionless fin volume is dependent upon h0 and l. The
optimum conditions for a constrained heat transfer rate can
be derived by minimizing the fin volume for a parametric
variation of l and h0. From the minimization principle, the





¼ n xa  A  BTa  CT
2
a  DT3a
 	 ðTa  TbÞ 1 þ Bnþ 2CnTa þ 3DnT2a
nðTa  TbÞðC þ 3DTaÞ DnðTa  TbÞ2
 
ð4Þ




























































and the value hþ0 which is taken a very closer to the h0 to
avoid the singularity of the function U. In order to
determine the optimum values of l and h0, it may be
necessary to solve Eqs. 16 and 17 simultaneously. The
Newton–Raphson iterative method [24] for determining
multiple roots can be employed for the solution. The









q2w/qlqh0 are utilized in the solution process, and can
be determined by successive differentiation of Eqs. 10
and 14 with respect to l and h0 separately. Integration
of Eqs. 16 and 17 is performed numerically using
Simpson’s 1/3 rule. In this connection, it should be
noted that the initial values of l and h0 used in the
calculation must be reasonably close to the optimum
values, or else the solution may diverge. After the
optimum l and h0 have been obtained, the optimum
design parameters (fin volume, Z0, and w) can be
determined for given thermo-physical and psychro-
metric design conditions. The fin profile and the tem-
perature distribution can also be estimated under the
optimum conditions.
2.2 Partially wet
Owing to variations in the psychrometric conditions of the
surrounding air, a fin surface may become partially wet.
The energy equation of a partially wet fin can be con-
structed by writing separate energy balance equations for
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wet surface ðXd X  1Þ and Xd [ 0
ð19bÞ
The fin surface temperature decreases from tip to base
when the base temperature is maintained at a constant
value lower than the surrounding temperature. Thus, the fin
surface temperature may equal the dew-point temperature
at some distance Xd from the tip, and the dry and wet fin
sections intersect at that point. Continuity of temperature
and heat flux can be assumed at the junction of the dry and
















at X ¼ Xd ð20bÞ
h ¼ hd at X ¼ Xd ð20cÞ
and
h ¼ 1 at X ¼ 1 ð20dÞ
Multiplying Eqs. 19a, 19b by Y2 dh/dX and then




























ðXd X  1Þ ð21bÞ
The temperature distribution in the dry and wet sections
is assumed to have the form of a power function satisfying
temperature boundary conditions:





Y ¼ Yd  h
l
d þ ð1  YdÞhl
ð1  hldÞ
ðXd X  1Þ ð22bÞ
After being integrated, Eqs. 21a, 21b can be rewritten as
follows, using Eqs. 22a, 22b:













































Combining Eqs. 20b, 22a and 22b, the semi-fin-
thickness at the junction of the dry and wet sections is
given by
Yd ¼ hld ð25Þ
From Eq. 25, it can be inferred that the dry length
depends solely upon the dew-point temperature of the
surrounding air. The fin surface becomes partially wet if
the relative humidity of the surrounding air is less than
100%. Equation 24 can be simplified by using Eq. 25:
b1 b2 b3 b4ð Þ ¼ 0 0 0 1ð Þ ð26Þ

























The fin parameter Z0 and the dry length Xd can be
obtained from Eqs. 20d and 23a, 23b:









































The geometrical parameter w can be estimated for a fin



















The fin volume of a partially wet fin can be calculated































































The above expression for fin volume is a function of l
and h0 for a given heat transfer rate and thermo-
psychrometric parameters. The condition for optimality
can be derived from the principle of minimization of fin
volume. Hence, the optimality criterion is obtained by
separately setting the first derivatives of Eq. 32 with
respect to l and h0 equal to 0. This yields
b1 b2 b3 b4½  ¼ 1
1  hld
 	3
 Yd  hld
 	3
3 1  Ydð Þ Yd  hld
 	2
3 1  Ydð Þ2 Yd  hld
 	
1  Ydð Þ3
h i
ð24Þ



































































































































The optimum values of l and h0 are obtained by solving
Eqs. 33 and 34 simultaneously. A root-finding algorithm
based on the Newton–Raphson method can be used to
derive the optimum design conditions.
3 Results and discussion
Three psychrometric properties of air are used to generate
the results: dry-bulb temperature, humidity ratio, and
atmospheric pressure. In a fin design problem, base tem-
perature is also specified. These four properties can be used
to determine the optimization study of wet fins. From the
mathematical formulation, it is obvious that the optimiza-
tion criterion depends upon the parameter l and the tip
temperature h0. Firstly, the effect of these two parameters
on the fin optimization is studied. It should be noted that
the present analysis of fully wet fins can be applied to dry
surfaces simply by setting the latent heat of condensation
equal to 0. Figure 2 depicts the fin volume as a function of
the dimensionless tip temperature for different values of l
and design conditions. The results for completely dry and
fully wet surfaces are plotted in Fig. 2a, b. For values of
l\ 1 (say l = 0.5), a remarkable variation of fin volume
with respect to h0 is observed, irrespective of the surface
conditions. The fin volume reaches a minimum at a par-
ticular tip temperature, and thus there exists an optimum tip
temperature and optimum tip thickness for any specified l.
The dependency of the fin volume on the parameter l can
also be deduced from Fig. 2. The results indicate that the
minimum fin volume occurs at a particular l and h0.
Specifically, the smallest fin volume is achieved for the
optimum l at which the tip temperature h0 vanishes. A
comparison of Fig. 2a, b demonstrates that for a constant
heat transfer duty, the nature of the variation of fin volume













































Fig. 2 Fin volume as a function
of tip temperature and the
optimality variable l: a dry
surface; and b wet surface
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with respect to h0 is not altered by changes in surface
conditions. Nevertheless, the required fin volume is much
less in the case of fully wet fins, since more heat is evolved
by the latent heat of condensation.
The influence of the optimization parameter l on the fin
volume is plotted in Fig. 3 for different surface conditions.
From the previous figure, it may be inferred that the
dimensionless tip temperature vanishes at the optimum
point, and hence Fig. 3 and the remaining figures are based
on this optimum condition. With a constrained heat transfer
rate, the variation of fin volume with respect to l has the
same nature for dry, fully wet, and partially wet surfaces.
The optimum value of l is a function of the surface con-
dition in a design problem. The optimum value of l for a
dry fin is 2.0. The optimum value of l for a fully wet fin is
1.501. The optimum value of l for partially wet fins lies
between 1.501 and 2.0, depending upon the relative
humidity of the air determined in the design analysis. It can
be inferred from Fig. 3 that as the heat transfer rate
Q increases, the minimum fin volume increases, but the
optimum value of l does not change. Here it should be
noted that using this optimum l value for dry fins, the
present analysis can be validated easily with the published
result [22]. In this study, for the dry surface, both n and h0
are considered zero in the analysis part of the fully wet
surface condition. As a result, a1, a3 and a4 are zero and
a2 = 1. With these values, Z0 can be determined from
Eq. 10, and Z0 = 2 is found. Substituting all aforemen-
tioned values in Eq. 9, one can get temperature as a linear
function of X-coordinate. On the other hand, in the previ-
ous work [22], the same expression was evaluated for the
pin fin with dry surfaces.
Next, the temperature distribution and fin profile for an
optimum fin are shown in Fig. 4 under fully wet surface
conditions. Under these conditions, the temperature dis-
tribution of the fin is not exactly linear, as in the case of a
dry surface fin. As the constraint Q varies, the tempera-
ture distribution in the optimum fins is unaltered, as













































































Fig. 3 Optimum point for fins
with respect to fin volume and
the optimality variable l under
various surface conditions:
a dry surface; b fully wet
surface; and c partially wet
surface
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Fig. 4a indicates. The optimum profile obtained from the
present analysis for fully wet surface conditions is shown
in Fig. 4b. The fin thickness at the tip is zero for the
optimum wet fin, as in the case of dry surface fins. An
increase in Q increases the envelope fin shape, as
expected. The temperature distribution in optimum fins
for partially wet surface conditions is depicted in Fig. 5a.
A variation of temperature in the dry and wet sections of
the fin is clearly exhibited, separated by the dew-point
temperature. The temperature gradient in the dry section
is greater than that in the wet section. However, the vari-
ation of temperature in both the dry and wet sections can be
approximated linearly. The optimum fin profile for partially
wet fins is also plotted in Fig. 5b for constrained heat
transfer duties. The fin profiles for the dry and wet sections
are shown separately in this figure. The fin profile for the
dry surface zone is not altered significantly by the variation
of heat transfer duty Q, whereas this variation is predomi-
nant in the wet surface zone.
The effect of relative humidity on the optimization
parameters of wet fins is shown in Fig. 6. Figure 6a depicts
the fin volume as a function of the constrained heat transfer
rate for different psychrometric conditions. An increase in
the relative humidity of the surrounding air enhances the
condensation of moisture on the fin surface, which reduces
the envelope shape of the fin for a constant heat duty.
Therefore, for any given desired effect, the required fin
volume is minimal for fully wet fins. The fin volume for a
given relative humidity increases gradually with the heat
transfer duty. Figure 6b shows the variation of the optimum
inverse aspect ratio wopt with respect to the heat duty Q under
different wet surface conditions. For all surface conditions,
the geometrical parameter wopt increases as more heat is
transferred. Hence, it can be concluded that as the relative












































temperature and fin profiles for
optimum fins with fully wet
surfaces: a temperature
distribution; and b fin profile














































temperature and fin profiles for
optimum fins with partially wet
surfaces: a temperature
distribution; and b fin profile
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humidity increases, the optimum geometrical parameter wopt
also increases when the heat duty remains fixed.
In fin design problems, the performance of dry fins does
not depend upon the dry-bulb temperature, base tempera-
ture, or atmospheric pressure. On the other hand, these
three parameters affect the surface condition of wet fins,
and thus influence their performance significantly. The dry-
bulb temperature varies at different locations, and even
changes from 1 day to the next. The influence of dry-bulb
temperature on fin performance under optimum conditions
must therefore be examined. Figure 7a depicts the opti-
mum profile as a function of dry-bulb temperature for a
given design condition. At a constant relative humidity, a
higher dry-bulb temperature enhances the moisture content
in the air, while at the same time, the latent heat of con-
densation decreases due to the increasing dew-point
temperature. When the dry-bulb temperature increases at a
constant relative humidity, condensation of moisture on the
fin surface increases, which increases the heat evolved,
even though the latent heat decreases. Hence, the envelope
shape of the fin profile for optimum wet fins decreases with
the dry-bulb temperature at a constant heat transfer rate. In
this connection, it should be noted that the design param-
eter base temperature may be fixed for a particular appli-
cation. However, for different applications, it may take
different values. For example, the fin base temperature of
an evaporator coil for domestic refrigerators is different
from that for air conditioners. Hence, it may be necessary
to study the effect of base temperature variation on the
optimum profile shape. For constant dry-bulb temperature
and relative humidity, when the base temperature is
incremented, the heat transfer rate is reduced as shown in

















































Fig. 6 Optimum design
parameters with respect to the
constrained heat transfer rate
Q for wet fins: a fin volume; and
b wopt














































Fig. 7 Effects of ambient
temperature and base
temperature on the optimum fin
profile: a variation of Ta; and
b variation of Tb
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Fig. 7b due to the increased surface temperature of the fin.
Since the present optimization study was carried out with a
constrained heat transfer duty, a larger fin shape is thus
obviously required at the optimum point when the base
temperature increases.
4 Conclusions
Fin optimization can be accomplished via two approaches.
In the first approach, the shape of the fin is optimized either
by maximizing the heat transfer rate for a given fin volume,
or equivalently by minimizing the fin volume for a desired
heat transfer duty. The second approach determines the
optimum dimensions for a known fin shape satisfying the
optimization conditions. It has already been noted that the
former approach is superior with respect to the heat transfer
rate per unit volume. In the existing literature, optimization
of fins under dry surface conditions has generally been
carried out using the first approach. However, in refriger-
ation, air conditioning, and aerospace applications, the
surface temperature of the fins is lower than the dew-point
temperature of the surrounding air, and thus the air is
dehumidified due to the condensation of moisture on the fin
surface. This phenomenon renders the analysis of fins
much more complex. In the present study, a methodology
was proposed for determining the optimum shape of pin
fins under dehumidifying conditions utilizing the first
approach to optimization. The analysis presented here is
applicable to dry, fully wet, and partially wet surface
conditions. The effect of different design conditions on the
optimum fin shape was also studied. From the optimization
study, it can be inferred that unlike the case of dry surfaces,
the optimum conditions for wet fins depend upon the fin
base temperature and psychrometric properties of air.
However, in every case study of optimum wet fins, the tip
temperature equalizes with the surrounding temperature, as
with dry fins. The temperature distribution of the optimum
wet fin may not be exactly a linear function.
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